We introduce spaces β γ (G, K), 0 < γ < 2, of rapidly decreasing #-bi-invariant functions on a reductive p-adic group G where K is a maximal compact subgroup of G, and we study spherical transformations on these spaces. The image of G y (G, K) under spherical transformation is completely described when A' is a standard maximal compact subgroup of G.
HARMONIC ANALYSIS OF SPHERICAL FUNCTIONS ON REDUCTIVE GROUPS OVER p-ADIC FIELDS M. TADIO
We introduce spaces β γ (G, K), 0 < γ < 2, of rapidly decreasing #-bi-invariant functions on a reductive p-adic group G where K is a maximal compact subgroup of G, and we study spherical transformations on these spaces. The image of G y (G, K) under spherical transformation is completely described when A' is a standard maximal compact subgroup of G.
Introduction. Let G be the group of rational points of a connected reductive algebraic group defined over a locally compact totally disconnected nondiscrete field k y with anisotropic center.
The group G is a totally disconnected locally compact group. A maximal compact subgroup K of G is fixed. The set of all (zonal) spherical functions on G with respect to K is parametrized naturally by orbits of the Weyl group Win a commutative complex Lie group f c .
For 0 < γ < 2 a family of Schwartz spaces β γ (G, K) of rapidly decreasing ΛT-bi-invariant functions on G is defined. It is shown that they are Frechet algebras under convolution. For /E β γ (G, K) its spherical transform is defined by
)dg
for SELT, where f is the greatest compact subgroup of f c and T s is the spherical function corresponding to s. Γis a compact real Lie group.
Let C^(f) denote the algebra of all ^-invariant infinitely differentiable functions on t under pointwise multiplication. Then the spherical transformation /»->/ is a continuous epimorphism of S 2 (G, K) onto C^(f). With certain additional conditions on K, we show that the spherical transformation is an isomorphism of topological algebras. The situation when these additional conditions are fulfilled is called the standard case and the contrary case is called the exceptional [5] . A standard maximal compact subgroup of G may always be found. If G is a split group, these additional conditions are always fulfilled.
If γ < 2, every spherical transform/of/ E β γ (G, K) may be uniquely extended to a holomoφhic function defined on a W-invariant domain D y 215 216 M. TADIO containing t. If the algebra of all H^-invariant analytic functions onΰ γ with bounded derivatives is denoted by % W {D Ί ), then the spherical transformation is a morphism of topological algebras β γ (G, K) and % W (D Ύ ) . If K is standard, then it is an isomorphism. In §6 the spherical transformation of elements of β 2 (G, K) with K exceptional is discussed.
We conclude the introduction with a few basic notations. If X is a locally compact space, then the vector space of all complexvalued continuous functions on X is denoted by C( X) and the subspace of all compactly supported functions is denoted by C 0 (X). For G a totally disconnected locally compact unimodular group and K its open compact subgroup, the vector space of all i^-bi-invariant functions on G is denoted
as a topological vector space in a standard way. Z will denote the ring of rational integers, R and C will denote the fields of real and complex numbers, respectively. The set of all non-negative rational integers is denoted by Z + . v^T is denoted by i.
The present paper is an account of the results of the author's thesis. It is a pleasure to acknowledge the help given to me by my advisor, Professor D. Milicic. The results presented in this paper are analogous to the results of P. C. Trombi and V. S. Varadarajan for real semisimple Lie groups.
1. Spherical functions. Let A: be a locally compact totally disconnected non-discrete field. For an algebraic group X defined over /c, X will denote the group of its /^-rational points.
In this paper a connected reductive algebraic group, whose center is anisotropic, is denoted by G. Following [3] , in this section we introduce necessary notations and we present Macdonald's explicit formula for spherical functions on G.
Let G der be the derived group of G, G the simply connected covering of G der , and ψ: G -» G der the canonical homomorphism. If X is a subgroup of G, ψ-! (X) is denoted by X. Fix a minimal parabolic subgroup P of G. Let A be a maximal split torus contained in P, M its centralizer, U the unipotent radical of P, Ut he unipotent radical of the parabolic opposite to P.
Let φ be the Bruhat-Tits building of G [5] . The group G acts on ©. Let & be the unique apartment in % stabilized by A. If N is the normalizer of A in (J, then N stabilizes &. Let v\ N -> Aut(β) be the corresponding homomorphism.
There exists a canonical affine root system Σ aff on an affine space <$,. Let W Άiί be the Weyl group of Σ aff . We have Im v -W^. With a special point x 0 G & fixed, we will consider only the vector space structure with the origin x 0 on 6B. Set Σ = {a G Σ aff ; *(0) -0}, W= {w G ^a ff ; w (0) = 0}; Σ is a reduced root system and W is its Weyl group. With a W^-invariant scalar product ( , ) on & fixed, a canonical isomorphism Λ: &-* &* is fixed, so we also have the scalar product on 6E*, the space of linear forms on &.
For a G Σ aff let U(a) be the group of all u G J7 U U~ such that w c = x for all JC G $ with α(jt) > 0. Let Σ + be the set of all a G Σ such that U(a) C U. Σ + is a system of positive roots in Σ. Let Δ be the set of simple roots in Σ + . The rank of Σ is denoted by /. Set r 0 = card Σ + . Set The case when q a/2 > 1 for all a E Σ will be called standard. The situation when q a/2 < 1 for some a E Σ is called the exceptional case [5] . We will also say K is a standard maximal compact subgroup of G or K is exceptional. There is always a special point x 0 E & such that K is standard.
Set From the Cartan decomposition we deduce that mapping /1-> / ° σ is a bijection from the space of all complex-valued functions on Γ~ onto C(G, K). Sometimes we shall identify these two spaces.
If 
For m~ι E M~ we have 6 7 )) is an isomorphism of f c onto (C*)'. As (C*) 7 is a complex Lie group, there is the unique complex Lie group structure such that Θ is a complex Lie group isomorphism. This structure on f c does not depend on the choice of basis 6,,... ,6 7 .
The image of the invariant analytic vector field is k d/ds k on (C*) z ? k = 1,2,...,/, under the mapping induced on vector fields by Θ" 1 , is denoted by S k . The set S = {S k ; k = 1,...,/} is a basis of the Lie algebra t of f c . The universal enveloping algebra of t is denoted by %(t). Let S be the basis of %(t) which is obtained from S by the Poincare-BirkhoffWitt Theorem. There is the canonical filtration (9l Λ (t); n e Z + ) of %(t). The sets S Λ = § Π % Λ (t) are finite.
Let t be the set of all unitary characters in f c . Then f is a real Lie subgroup of f c and the greatest compact subgroup of f c . Clearly, Θ(Γ) -{z ^ C*; |z|-I} 7 . Denoting by (r k9 φ k ) the polar coordinates of z k , we obtain an invariant vector field d/dφ k on Θ(Γ) and the corresponding vector field S k on Γ. The set {S k ; k = 1,...,/} is a basis of the Lie algebra ϊ 0 of f. Let ί be the complexification of f 0 . The elements of ϊ act on complex-valued smooth functions on f.
We extend the mapping S Λ H> S k9 k -1,...,/, to a Lie algebra isomorphism of ϊ onto t and to an isomorphism ω of %(ΐ) onto %(t). If an analytic function φ is defined on an open set containing J 7 , then
for X E %(ϊ) and xGΓ.We write §" = co" 1 (S Λ ) and S = ω'^Sj.
Let Ind( l y|i > , G) be the admissible representation of G induced by s E T c . It is the right regular representation of G on the space of all locally constant functions/: G -* C such that/(/?g) = Oδ 1/2 )(/?)/(g) for all /? E P, g E G. The contragredient of Ind(>|P, G) is isomorphic to Ind^' 1 1P 9 G), and the canonical form on Ind(s \P 9 G)X Ind(s~] \ P, G) is given by
)(h(kg)) dk for g Ez G. Then Γ 5 is the matrix coefficient and zonal spherical function, or, simply, the spherical function corresponding to s. Since the contragredient of Ind^" 1 1P 9 G) is Ind(s | P 9 G), it is easily seen that
forall5EΓ c andg EG.
W acts on Γ; thus W also acts on T c and Γ. For w E W and 5 E Γ c we have
. The converse will be proved in the next lemma. Relation (1.6) implies 5h->Γ s (g) is an analytic function on T c for every fixed g E G. Each of these functions is JF-invariant.
If s is a regular unramified character and a E Σ, we introduce for all m E M~ and the degree of p is less than or equal to r 0 ([5] , Proposition (4.6.1)).
For s E Γ, Γ 5 is a positive definite spherical function. Note that every positive definite spherical function/on G satisfies (1.14) (1.15) for all g E G.
2. The algebras β γ (G, JSΓ 0 ). Our first aim is to describe a connection between the asymptotic behaviour of Ξ and δ. Let || || be the norm on & corresponding to the fixed scalar product on (£.
PROPOSITION.
There exist c l9 c 2 > 0 such that
Proof. The right inequality of (2.1) is an immediate consequence of (1.13).
For g E G choose m E M~ such that σ(x) = v(m). Then The proof of the rest is standard so we omit it.
The next technical lemma plays a crucial role in proving the fact that β γ (G, K o ) is a topological algebra. This result is analogous to the corresponding assertion for real semisimple Lie groups ( [7] , Ch. 1 Theorem 1). From the definition of σ and from (1.2) we get Now, from the last inequality, (2.6) and (2.8), we obtain (2.5). 
LEMMA. Choose r x E R
σ(x)(0) + σ(x"V)(0) -a(y)(0) G -Qf . Since σ(x)(0), σ(χ- ] y)(O), σ(y)(0) E -C o ,
Asymptotic behaviour of spherical functions. For s G f c the mapping t(0)\-+\n\s(t)\ 9 t E Γ, is

(m)(0) -h(km)(0) E C(
3.6) h(km)(0) -w o (v(m)(O)) E <#
/or all k G K and m~x E M". For X E S tt choose n l9 ... ,n ι E Z + such that X = Sp --S? 1 . Then w, + + n ι < λ?. From Definitions (1.6) and (3.8) we have
4. The spherical transformation on 6 2 (G, A:). Let C^f) be the vector space of all infinitely differentiable complex-valued functions on f. We write (4.1)
Pn (φ) = m3x{\(Xφ)(x)\ ;XG% n andxEf} for φ E C°°(f) and n E Z + . The seminorms /? w , «EZ + , topologize C°°(f) such that C°°(Γ) is a Frechet space; moreover, it is a topological algebra under pointwise multiplication. The group tracts on C°°(f); let C w {f)
be the subalgebra of all W-invariant elements of C OO (7 T ). Then C%(f) is a Frechet algebra. 
LEMMA. The mapping φ \-> φ from C%(f) into C(G, K) is injective.
Proof. Set X -C 0 (G, K) . Then X is spanned by the set of functions s H> Γ 5 (g), g G G. Using Lemma 1.2. and applying the Stone-Weierstrass Theorem on C(W\f) 9 we conclude that X is a dense subalgebra of CJ£(Γ) with respect to the supremum norm. One now sees that φ = 0 implies φ = 0.
For φ G C°°(f) and t G T we write In the rest of the section we shall assume K is a standard maximal compact subgroup. The next lemma is a part of the proof of Theorem (5.1.2) of [5] and here we omit the proof. From the results of the previous lemmas we easily obtain the next theorem.
THEOREM. Let K be a standard maximal compact subgroup of G.
The spherical transformation
is an isomorphism of topological algebras. The inverse formula is given by ;r is integrable, we have f % ) ( 
5.4) implies/#(/) < cc 2 c 3 uj(f).
In the rest of this section we assume K is a standard maximal compact subgroup.
For For / E Γ we set (φ I f) t -φ r We first claim that 6. The exception case. In this section we shall state without proofs the results about spherical transformations on G 2 (G, K) with K an exceptional maximal compact subgroup. We restrict ourselves to G, the group of rational points of a simply connected almost simple algebraic group defined over k. We assume K is exceptional. 6.3. Note. We can determine 0 < γ, < 2 depending on q a9 a E Σ l9 such that the assumption in Lemma 5.2 can be replaced by the assumption that γ, < γ < 2, and the statement and proof of Lemma are valid with this assumption. Now, if y x < γ < 2 the spherical transformation is an epimorphism of the topological algebra β γ (G, K) onto % w (D y ) and the analogue of Theorem 6.1 is true.
